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Abstract: This paper introduces a novel method for solving tri- Article History:
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interval numbers and their algebraic operations, we first derive a Keywords:
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with m unknowns in this uncertain environment. The core contribution

of this work is the development of a generalized Cramer’s rule tailored Linear Systems;

for these Neutrosophic systems, providing an analytical framework for Determinants;
obtaining solutions under conditions of incompleteness, inconsistency, Cramer’s Rule;
and indeterminacy. The efficacy and robustness of the proposed Libya.

method are demonstrated through compassing numerical examples,
encompassing binary and a generalized system cases. These examples
illustrate all possible types of solution: unique solution, no solution, and
infinitely many solutions. This research focuses on the theoretical and
analytical aspects of solving Neutrosophic systems, relying on Cramer’s
rule to find abstract mathematical solutions.
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Khadija Basher Sola

1. Introduction

The concept of neutrosophic logic and its associated mathematical foundations has witnessed significant
development since its introduction by Smarandache [20,21,23], providing a unified framework
that generalizes classical logic, fuzzy logic and intuitionistic logic, allowing the representation of
uncertainty vagueness, and indeterminacy in complex systems [1,22].

With the evolution of neutrosophic set structures, research has extended to matrices and algebraic
operations, enabling applications in optimization, decision-making, and mathematical modeling
[6,7,11,26]. Classical linear algebra techniques have also been extended to neutrosophic systems, where
determinants and Cramer’s rule have been employed to solve neutrosophic linear equations,
accommodating imprecise coefficients represented as intervals [1,7,13].

These developments have contributed to practical applications, such as traffic flow modeling, system
optimization, and decision support [15,26,27,29]. Moreover, the algebraic structures associated with
neutrosophic numbers, including neutrosophic rings and matrices, have been rigorously analyzed,
facilitating the development of linear programming solutions under uncertainty and extending classical
computational methods to tri- component interval representations [6,16,30].

These efforts demonstrate the flexibility of neutrosophic mathematics in linking abstract algebraic
concepts with practical decision-making applications [5,24,30]. Historically, neutrosophic linear algebra
techniques are based on the classical matrix and determinant theories developed by
[3,4,8,9,10,12,14,17,18,19,25,28].

These foundations have been further extended to handle imprecise data and intervals, providing robust
frameworks for solving linear systems with inexact coefficients [12,19].

Recent contributions have improved computational operations on neutrosophic matrices and solution
techniques, enhancing the accuracy and efficiency of solutions for complex systems [4,10,23, 28]. This
study aims to bridge the gap in the literature regarding tri- component interval-valued neutrosophic
linear systems by proving a generalized matrix form and an extended Cramer’s rule. The validity of the
proposed approach is verified through comprehensive numerical examples, offering a direct and
effective analytical tool to address all possible solution scenarios [1,7,16,28].

This research aims to bridge the theoretical and practical gap in the study of tri- component interval-
valued neutrosophic linear systems by deriving a generalized n X n matrix formulation that rigorously
represents such systems within the neutrosophic framework. A major contribution of this work is the
development of a generalized Cramer’s rule that enables the explicit analytical solution of these systems,
covering all possible cases: unique solution, infinitely many solutions, and no solution. The proposed
approach integrates theoretical formulation with comprehensive numerical verification through
illustrative examples for both 2 X 2 and general n X n systems, thereby demonstrating the accuracy,
robustness, and elegance of the method as a natural extension of classical linear algebra theory in a more
realistic and complex setting. The outcomes of this study are expected to enrich the field of neutrosophic
algebra and provide a powerful analytical tool for researchers in optimization and decision-making
under uncertainty.

2. Preliminaries

This section establishes the fundamental mathematical concepts and notations required for the rigorous
analysis of tri-component interval-valued neutrosophic linear systems. Formal definitions are presented
to ensure precision and logical consistency. And also introduces the notions of truth ( T), indeterminacy
(), and falsity (F) interval, elaborating on their properties, interrelations, and the rules governing
arithmetic and algebraic operations within neutrosophic structures.

Definition 2.1 [20,22]: (Neutrosophic Set): Let X be a universe. A neutrosophic set A in X is characterized
by three membership functions:

Truth-membership function T, (x),

Indeterminacy-membership function I, (x) and
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Falsity-membership function F,(x), where T, (x), I,(x), F,(x) € [0,1] and
0 < sup Ty(x) + supl(x) + supF,(x) <3Vx €X.

Definition 2.2 [22,27]: (Tri-Component Interval Neutrosophic Number):

An ordered triple of intervals is represented as: @ = ([T*, TU], [I%, IY], [FX, FU])

Where:

[TE, TY] < [0,1] is the truth-membership interval, [IX,1Y] € [0,1] is

the indeterminacy-membership interval, [F%, FU] < [0, 1] is the falsity-membership interval. And
satisfying:

0<T'<TU<1 0<I*<IY<1, 0<F'<FY<1,

0<TV+ 1Y+ FU<3,

max (TL 15, FY) > 0

Not that,[T*, TY]: Upper and lower intervals of the truth component, [I%, IY]: Upper and lower intervals
of the indeterminacy component, [F%, FU]: Upper and lower intervals of the falsity component.

Example 2.2 : @ = ([0.6,0.8],[0.1,0.3],[0.0,0.5])
Definition 2.3 [5,22]: (Neutrosophic Algebraic Operations)

For two Tri-Component Interval neutrosophic Numbers
a=([T¢, TY1 [k 101 [FE FYD) and b = (T4, TV, (14,19, [F5, FY]). Then:

Addition:

a®b= ([T} +Ty = T{Tf, T+ T7 = TPTY1 [UE1D), P11, [(FEFD), (FUFD))).
Multiplication:

aob = ([T{Ty, T'TY), (Ut + 1) —(t1), (4 + 1) = (V1)) [(FF +

Fp) =(FiFy ), (FY + Fy) = (FYF{)),

Multiplication by scaler A € [0, 1]:

Aa= A ([TlL' Tlu]' IlL' Ilu]' [FlL' Flu])

= (1 - @ =THL 1= @ =TGN AP DS FEHMD

Subtraction:
o5 (ol Mo (k) AR
a = ) ] 17057 | T
( 1-TY" 1-Tf 11k FY’ Ff )
Division:
~oni _ ([T ﬂ] [1%—12” 11”—1%] [F1L_F2U Fl”—FzLD_ U L U pL
aQb= ( 0’k [P l1-1¥ 7 11 |"[1-FV 7 1-FL T, T1 € 0ALIF,, F] €1

Remarks 2.3 [22]:
These operations preserve the closure property for interval Neutrosophic numbers.

Example 2.3: Let @ = ([0.6,0.8],[0.1,0.3][0.0, 0.1]) and

b = ([0.5,0.7] [0.2,0.4],[0.1,0.2]) Then:
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b = ([ 0.8,0.94],[0.02,0.12],[0.0,0,02])
® b = ([0.3,0.56],[0.28,0.58],[0.1, 0,28]),
© b = ([-0.33,0.6],[0.25,1.5],[0.0, 1]),
@ b = ([0.857,1.54],[—0.5,0.125],[-0.25,0.0]),

QN X«

x

A a=2([0.6,0.8],[0.1,0.3][0.0,0.1]); A= 0.2 €[0,1]
= ([1- (1 -0.6)%,1— (1 —0.8)%%7],[(0.1)°2,(0.3)°2],[(0.0)°%, (0.1)°2])
= ([0.167,0.275], [0.631,0.786], [0.0,0.631])

Remarks 2.3 [1,7]:
1. All Neutrosophic component are expressed as ordered triplets of intervals.

2. Arithmetic operations are performed component wise over each of T, I, F intervals using interval
arithmetic.

3. The result of any operation remains the format of single interval neutrosophic number

Definition 2.4 [2,23]: A matrix A = (aij)mxn is called a tri- component interval neutrosophic matrix if
every entry &;;; (i =1, 2,...m; j =1, 2, ..,n) is a tri- component interval neutrosophic number defined as:
(@) = ([T T3 15, 151, [F5 FSD

Where:

[T, ] c[0,1]: represents the truth  degrees, [I,LJ,IU] c [0,1]: represents the

lndetermmacy degrees, [Fﬁ, Fll]’] C [0, 1]: represents the falsity degrees.

Definition 2.5 [1,7,9]: (Neutrosophic Determinant for a 2 X 2 matrix).

a;, a
Let A = (a“ a“) be a 2 X 2 Neutrosophic matrix. Its neutrosophic determinant is defined and
21 22

computed as: det( A) = d;q Gy + (— G12)051)-
where all operations are performed in definition 2.3.

Definition 2.6 [1,7,9]: ( Neutrosophic Determinant for an n X n matrix).

For a square neutrosophic matrix A of order n X n with elements [T},
determinant is calculated through the relation:

det(A) = (ZaeSn sgn(o) [1i-, Tiow 'ZJESn sgn(o) [1iL, 10 'Zoesn sgn(o) [1i2, Fi,a(i))

Where S, represents the set of all permutations of n, and sgn(o) is the sign of the permutation o.

13, Fy;], the neutrosophic

Example 2.6:

Let neutrosophic matrix A =

[0.8,0.1,0.1] [0.6,0.2,02] [0.7,0.1,0.2]
[0.8,0.3,0.2] [0.9,0.1,0.0] [0.4,0.2,0.4]
[0.6,0.2,0.2] [0.3,0.4,03] [0.5,0.3,0.2]

From definition 2.3 and Calculation per Component Using Sarrus’ Rule [1, 2]:
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08 0.6 0.7
Truth Component (T): det(T) ={0.8 09 0.4
06 03 05
=0.8(0.9.0.5-0.4.0.3) - 0.6(0.8. 0. 5-0.4. 0.6) + 0.7(0.8. 0.3-0.9. 0.6) = - 0.042
0.1 02 0.1
Indeterminacy Component (I): det(I) =[0.3 0.1 0.2
02 04 03

=0.1(0.1. 0.3-0.2 . 0.4) - 0.2(0.3. 0.3-0.2. 0.2) + 0.1(0.3. 0.4-0.1. 0.2) = 0.067

01 0.2 0.2
Falsity Component (F): det(F) =10.2 0.2 0.4
02 03 0.2

=0.1(0.2.0.2-0.4. 0.3) - 0.2(0.2. 0.2-0.4. 0.2) + 0.2(0.2. 0.3-0.2. 0.2) = 0.004
the neutrosophic determinant: det (4) = [- 0.042, 0.067, 0.004]

Definition 2.8 [16]: The systems of neutrosophic linear equations in which the number of equations

equals m and the number of n variables in them equals nare given in the following general form:
Nayxy + Naj,x; + -+ Nay,x, = Nb;
Nalel + Nazzxz + -+ Naann = sz

T I ettt ettt ot o st et et (1)
Na,1x; + Nay,x, + -+ Nappnx, = Nby,
In the following matrix form:
INA. X 2 INB oottt s st £ a8 st B 0 8 e bR s e e (2)
Where:
Nb
Nay;; Naj, - Nag, ;C; Nbl
NA = NC:121 NC:lzz NClen x=|: | NB= ;2
Nay, Nay, ++ Nap, X, Nb
n

where Nb; and Na;;, neutrosophic numbers, written in one of the forms. next: Naij=aij+¢ij and Nb; =
bi+ pu; where &;; € [Ay;5, Ay4;] or otherwise.

3. Tri-Component Interval-Valued Neutrosophic Linear Systems

In the pursuit of modeling systems fraught with inherent uncertainty, inconsistency, and indeterminacy,
classical mathematical frameworks often reveal their limitations. The need to capture the nuanced
nature of real-world phenomena-where truth, falsity, and indeterminacy coexist independently and
interactively-has led to the emergence of neurotrophic logic as a transformative paradigm. This
section delves into the foundational conceptualization of tri-components interval-valued neutrosophic
linear systems, a sophisticated structure designed to embrace and operationalize this complexity.

At its core, this framework represents a departure from reductionist approaches that compress
uncertainty into singular values or binary classifications. Instead, it acknowledges that uncertainty is
not monolithic but multifaceted. Each component-truth (T), indeterminacy (I), and falsity (F)-is
accorded its own ontological status, represented not as precise points but as intervals. This interval-
valued characterization reflects the inherent vagueness and fluidity of real-world information, where
boundaries are often blurred and knowledge is imperfect. The general form of such a system is conceived
as a network of linear equations where coefficients and variables are not numbers but triads of intervals.
This structure captures the simultaneous presence of partial truth, partial falsehood, and partial
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ignorance in every element of the system. The matrix representation of this system extends classical
linear algebra into a richer algebraic space, where matrices and vectors are no longer mere arrays of
numbers but organized collections of these triadic interval structures.

To navigate this complexity, the framework employs a component-wise decomposition, philosophical
commitment to analyzing each dimension of truth, indeterminacy, and falsity both independently and
synergistically. This decomposition is not merely a technical tool but an epistemological stance: it asserts
that understanding the whole requires examining its constituent dimensions without forcing premature
synthesis. Complementing this is the tri-components partition representation, which organizes the
system into coherent subsystems along these ontological divisions, while preserving the integrity of each
component. Central to solving these systems is the novel concept of tri-components determinants.
Unlike classical determinants, which scalarize matrix properties, these determinants retain the triadic
structure, embodying the system’s inherent uncertainty even in its most condensed representation.
They serve as the gateway to defining a neutrosophic solution vector-a solution that is itself a triad of
intervals, offering not a single answer but a spectrum of possible truths, indeterminacies, and falsehoods
that satisfy the system under conditions of uncertainty. The tri-components neutrosophic structure is,
therefore, more than a mathematical model; it is a philosophical framework for humility in the face of
complexity.

It rejects the illusion of precision where none exists and offers instead a tool for honest engagement
with the world’s inherent ambiguities. This section lays the groundwork for this engagement, defining

the structures that will later enable the extension of Cramer’s rule into this expansive domain of
neutrosophic logic.

Definition 3.1: A neutrosophic interval-valued linear system is a system of m equations with n variables
where coefficients are a tri-component interval neutrosophic numbers. It is given by the form:

([TlLlr Tlul]r [Iflr Ilul]r [FlLlr F1Ul Dxlea([TlLZ! Tl%]' [IfZ! Iluz]; [F1L2! F1UZ ])x2® @
(Tt TiRL Ut I (P, Fip D = ([Th, T b 15, [Fh B3 ])
([T2L1: Tzul]r [12L1r1g1]: [F2L1rF2U1 ])x1®([Tsz' TZUZ]' [152,1512], [Fsz: FzUz Dx,® ...
(Tdn Tind U 12n), UFd Fin Don = ([T, To L U I3, ] [Fi, Fop 1) e 3)

[Tk, TUL s 1) (Fl B D@ (Th T [k, 19), [Fl FY Dx® ... @
[Tk Tl U, 1), (Bhn, B9 Dxn = ([T, T2 LUE, 1) 1 [FE L FS D)

Where @ and . denoted the neutrosophic multiplication and Addition, respectively. an be represented in
matrix form as:

Where:

Ay Ann X m matrix of tri-component interval neutrosophic coefficients:

([T, TAL U L IFG PO D (Tl THL Uk 5L IFG FB D (T Tind, Ui, I P, i D
([Td, TAL e, AL P P D (T Tl [k, 151 (P2, Fa ) (T Tanls U, Ian], [P, Fan 1D

(T Tl Ui Iia) B, Fy D ((Tize Tial Ui, I ) [P, Fa 1) (T T, s i) (B Bt D/

[ (k. L LR D)
2

Xy=1: , By = K ([Téz' TIZ]'[III"Z'.IIZ]’[FIZ'FIZ ]) )
(It 12108 2 )R R D))
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Xy: Solution neutrosophic vector: (x;) nx1 , By: Neutrosophic constant vector:

(75, Tol Us, I8 ) [Foo Pt | Dmxa Vi € {1,2,...,m}.
If By = 0then the systems (4) called a homogeneous systems and otherwise, it is called a non-
homogeneous systems.

Definition 3.2: A General tri-components interval-valued neutrosophic linear system is defined as
follows:

DL Ty T S s U (O 5)
Where:
ay = ([T 151 U, 15 [F5. R 1) -

Tri-components interval-valued neutrosophic coefficient, x;: unknown Neutrosophic variables,
b; = ([TbLl., TbLl{], [Igi, I},’i], [FbLL., Fé’i ]): Neutrosophic right-hand side.

The system (5) with three- component coefficients (with upper and lower bounds) is represented by
general form as:

P (T TS L IFE FYD - x = ([T, Tal Us, 1) [Fou Fo ]) - S ()

Where:

[TL’;, Tl’]’] Upper and lower intervals of the truth component of the coefficient,

[IL’;, Ig Upper and lower intervals of the indeterminacy component of the coefficient,
[Flﬁ, FU] Upper and lower intervals of the falsity component of the coefficient.

with Conditions:

e Normalization Condition:

0<TY+Ij+F]<3Vij

e Non-contradiction Principle:

T+ Fl <land I} < max (| T — T |,|Fj— F;|) Vij

Components Independence: T, I, F (completely independent).

Definition 3.3: (Component-Wise Decomposition)

The system decomposes into three independent crisp interval-linear subsystems:
= [T}, T vi

e Truth-Component system: };_ 1[TE X;

ij ] J

e Indeterminacy -Component system:

n

z 5001 % = [, 1P]vi

j=1

e  Falsity-Component system: Y7 [F};, F{/]. x; = [F, F]Vi

J. Basic Appl. Sci. V. 25,1 (1). June 2026 7



A Generalized Cramer’s Rule for Tri- Component Interval -valued Neutrosophic Linear Systems

Definition 3.4: (Tri-Component Partition Representation)
the system (4) is defined by:

Ay= (AT, A", AF) are the matrices containing the T, I, F components of A, respectively. By =
(BT, B!,BF) are the vectors containing the corresponding components of B. Xy = (X7, X/, XF) are the
Neutrosophic unknown vectors to be solved for each part. Where foralli=1,2..,m,j=1, 2..,

AT= ([TL’;, TU ]): Truth coefficient matrix,

L jU
L}’I

Al= ([1 ]): Indeterminacy coefficient matrix,

AF= ([Ff, FY ) falsity coefficient matrix,
= ([T, Ty, ]): Truth righthand vector,

B' = ([1},, 13, ]): Indeterminacy righthand vector,
= ([Fs,, F5, ]): Falsity righthand vector.

Therefor The system (4) can be decomposed into three associated interval-valued linear systems:

AT XT = BT truth (T) — system
AL X" = B' indeterminacy (I) — SYSEEM .ooveoieeeeeoriseresireeecsisecnsssseeacsssnssssesassssssssnssnssessssissansssnssssne (7))
AF . XF = BF falsity (F) — system

Definition 3.5: (Tri-Component Determinants)
The determinants for each component are defined as follows:

Truth determinant: det([T5, T} ])

Indeterminacy determinant: det ([If;, I} ])

Falsity determinant: det ([F};, F{ |)
4. Generalized Cramer’s Rule for Tri-Component Interval-Valued Neutrosophic Linear
Systems

In this section, we present a generalization of Cramer’s rule specifically developed for tri- component
interval-valued neutrosophic linear systems. The proposed generalization extends the classical rule to
handle systems where the coefficients and constants are expressed as tri-component intervals (7, I, F).
Following the derivation of the generalized formula, a solution analysis is conducted to examine the
existence, uniqueness, or non-existence of solutions under various neutrosophic conditions. Finally, case
studies for binary and ternary systems are provided to demonstrate the applicability and effectiveness
of the proposed generalization through numerical examples.

Definition 4.1:

Consider a Neutrosophic Linear System consisting of n equations and n unknowns, where all coefficients
and constant terms are expressed as tri-component interval-values. the system can be written as:

([T1L1r T1U1] [I1L1rI1U1] [F1L1,F1U1 ])x1@([T1L2; Tfé]' [If2’11uz] [F1L2,F1Uz Dx,® ... ®
(T T Ut 11 (Fh G Dx = ([Th, T L U5 18,1 [Fo F D)
([T21' T21]'[121'121]:[F2L1»F2U1 ])x1@([T2L2' Tzuz]' [Iszflzz]: [Fzz:Fzz Dx,® .. ®
([T, T [, 13,0, [FhL FE Dy = ([TbLz, Tbli], [1152,1},12], [FbLZ,Fé/2 ]) R (. ) |

(ATh, TAL k180 (P Y Dea@ (T, TS 1 191, [P Bl D, . ®
([Tr{‘n' TnUn]r [Iﬁn' IT(L]TL]' [Frfn' FTL[{'I, ])xn = ([Tbn' Tbn]' [In' Ibn]' [FbLn' th, ])

Where @ and . denoted the neutrosophic multiplication and Addition, respectively.
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can be represented in the matrix form:
Ay Xy = By

where: Ay = (dij)nxn is the coefficient matrix consisting of interval-valued neutrosophic elements, each
entry being defined as:

a;; = ([Th TY1 (15151, [F5 Fl ]). Here, [Th,T/] represents the truth-membership interval, [I};, I}

the indeterminacy-membership interval, and [Flﬁ,FU] the falsity-membership interval. The vector of

unknowns is given by Xy = (xq, x5, ....., x,)", while the output vector is expressed as By = (Bi)nxl , with
the each element defined as: b; = ([TbLl,, Tlf’i], [Igi, Iﬁ’i], [Flfi, Fé’i]) vi=12,..,n

In This research relied on Cramer’s rule as a mathematical analytical tool to solve the neutrosophic
system. This method focused on finding the abstract mathematical solution to the system, where the
coefficients T, I, and F were treated as pure mathematical values without imposing interval [0, 1]
constraints during the solution process. It is worth noting that the obtained results represent the
algebraic solution to the system, which may require a normalization process in subsequent applications
to ensure that the values conform to the standard neutrosophic framework.

4.2: Cramer’s Rule for Solving Tri-Component Interval-Valued Neutrosophic Linear Systems.

In this section, we present the algorithm for applying the generalized Cramer’s Rule for solving tri-
component interval-valued neutrosophic linear systems, including the computation of determinants in
T, I, F components. The is applied following the steps:

4.2.1: Decompose the neutrosophic system into three independent crisp interval systems:

Truth (TJ SyStem Z] 1[ ij l]] . [Tb 'Tb ]
Indeterminacy system (I): Z]'-‘zl[llL],IU] =I5, I5,] ¥
Falsity system (F): Y74 [Ff;, Fiil. x; = [Fbl Fy ] Vi

4.2.2: Calculate determinants for each system:
main neutrosophic determinant dety (4y) of the matrix Ay in (4)

is computed for each component 7, [, F. as:
dety (Ay) = (Taety(an) laety (an)r Faetyay))

— L U L U L U
- ([TdetN(AN)' TdetN(AN)]’ [IdetN(AN)' IdetN(AN)] 4 [FdetN(AN)' FdetN(AN)])
Where:

Tietycay) = det(T) and T, a0y = det(TY),
Ié‘etN(AN) = det(I};) and Ié]etN(AN) = det( If}),
Fé“etN(AN) = det(F;) and FéjetN(AN) = det( FY
partial determinants (det(4y) x;)-

For each unknown x; , construct matrix AyD by replacing the j-th column of Ay with the constant
vector By, thatis: Ay = [Na;_y, By,Naj,; ... Na,]. Then

corresponding partial determinant is:

— MY — L U L U L U .
det(Ay)y,=det (Ay) = ([Tdet(AN)xj'Tdet(AN)xj] '[Idet(AN)xj'Idet(AN)xj] ) [Fdet(AN)xj'Fdet(AN)xl.D vj

J. Basic Appl. Sci. V. 25,1 (1). June 2026 9
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computed in the same way as the main determinant.

4.2.3: Computation of Solution Intervals

Calculate each unknown x; using: x; = det(AN)xj/detN (AN
Hence each component is obtained by:

L U L
[deet(AN)xj' deer(AN)x,] U’det(AN)x].

’

U L U
fj der(AN)xj] [Ffdet(AN)x]. ‘Ffdet(AN)x,]

x = ( L 7] ’ L U ’ L u
[Tdetrcany Taetycan)] (et cany Letycan] [Fletycany Faetyan)

vVji=12,...,n
Division neutrosophic is well-defined under the non-zero lower-bound condition:
TjetN(AN) #0, IéetN(AN) #0, Fé’etN(AN) # 0 (to avoid division by zero).

4.2.4: In the order to apply Cramer’s rule to a tri-component interval-valued neutrosophic linear
systems in (4), several key conditions must be satisfied to ensure solvability.

The system must first be square, meaning that the number of equations equals the number of variables.
Furthermore, the Neutrosophic determinant (dety(4y) # 0) should be non-zero, which guarantees the
structural solvability of the system. Specifically, the truth component should have a positive upper
bound, the indeterminacy component should not exceed an upper limit of one, the falsity component
should have a Lower bound less than one. Additionally, the stability of Neutrosophic values is essential;
this requires that the maximum upper bound of falsity does not surpass the minimum lower bound of
truth, and the maximum upper bound of indeterminacy does not exceed one minus the minimum lower
bound of truth. Meeting these criteria that the system is mathematically suitable for the application of
Cramer’s rule within the Neutrosophic framework.

4.2.5: Solvability Conditions.

This part investigates the conditions under which tri-component interval-valued neutrosophic linear
systems admit solutions. These conditions provide a formal criterion to classify the solution space and
crucial for interpreting the neutrosophic systems behavior under uncertainty, as summarized in table 5.

Remark 4.2: It is worth noting that neutrosophic solutions may include negative values or values
exceeding 1. This phenomenon does not invalidate the solution under the generalized Cramer’s rule,
provided that the neutrosophic determinant remains non-zero. Instead, it highlights the extended
generality of Neutrosophic theory, which operates beyond the classical [0, 1] interval and allows for a
broader representation of truth, indeterminacy, and falsity.

Table 5. Solvability conditions for tri-component interval-valued neutrosophic linear systems.

Solution Mathematical Lo
Type Conditions Interpretation in (T, I, F)

Unique dety(4y) # 0 All T, I, F components are consistent and intervals
solution are well-defined, leading to a single unique
solution.

Infinite dety(4y) =0, det(Aj) system is undetermined; solution intervals

Solutions #0Vj overlap, resulting in infinite many solutions.
No solution  dety(4y) = 0, Intervals are inconsistent across components,

leading to a contradictory and unsolvable system.
det(Aj) = 0 for some j
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4.3 Binary Tri-Component Interval-Valued Neutrosophic Linear Systems

This section, applies the algorithm to 2x2 systems, with detailed solution analysis for cases of unique
solution, infinite solutions, and no solution.

Definition 4.3: Consider binary tri-component interval-valued neutrosophic linear systems (2%2) it is
written as follows:

(([T1L1: Tlul]' [1f1111ul]: [F1L1:F1Ul ])xGB([Tle, Tl%]' [11L2r11Uz]r [Flerpluz Dy
]

=([Tg, TELUE IS [Fe, FET) ©
([Th, TAL s, 19, (Fh, FY Dx@®([Th, TS, [k 18], [Fh, FS Dy

= ([T T52) Usa 152, [Foz Fiz 1)
It can be represented in matrix form as:
Ay Xy = By
where:

Ay = (([T1L1' TH) L 5L IFl FA D (Tl TS e, 1) [Fls, B ])) Xy = (x) By =
([T, TA) Uz ) [Fi FA D (Th Tl 15, 135), [Faa, F35D) y
(([Tbﬁ, Torl by 151 ), [Fon Fo ]))

oo (10)
(T2 T2l Usa 152), [Fra iz D

4.3.1: Solve the system (9)
4.3.1.1: Compute the main neutrosophic determinant of the matrix Ay in (10) is given by:

dety(Ay) = (detN(T),detN(I),detN(F)) =

([TlLll Tlul]' [1%1' Iijl]r [FlLlr Flul ]) ([TlLZ' T1UZ]' [1%2' 1{]2]: [FlLZ’ F1UZ ])
([T2Ll' T2ul]' [151' Igl]r [F2Ll' qul ]) ([TZLZ' TZUZ]' [1%2' IélZ]' [FZLZ’ FZUZ])

- )

= (([TlLerlq] [TZLZ'TZUZ] - [TfZ'Tllé][T%l! T2Ul])l ([Iflﬁllul][l%z'lgz] - [IfZ! 11"2] [Ié‘l'lé]l])/ ([FlLll Flul ][FZLZI FZUZ] -

[TlLlr qu] [Tle' Tllé]
[TZLII TZUI ] [TZLZ ’ TZUZ ]

[FlLl'Flul] [F1L2!F1UZ]
[FleiFZUl] [FZLZ'FZUZ]

Uy, 1] [, 185]
U5, 1541 (155, 135]

’ ’

4.3.1.2: Partial determinants for the unknowns are computed as follows:
For x : det(4y), = (det(T,), det(l,), det(F,))

i ( [TE, T8 [T YY) (b 12] [ %]

[TbLZlTIs}Z] [TZLZlTZUZ] [152,1192] [I%Z'IZUZ]

= (([TDLllTbUl][TZLZ' Tzuz] - [T1L2' Tg][TbLZ'TbUZD' ([Ilgl' 11511] [1%2, Izuz] -
12, 112] U5, 15, 1), ([Fi,, Fy, ) [Fi, Fap] — [Fly, Fiy 1[Fy,, Fy, 1)-
Fory : det(dy), = (det(T), det(l,), det(F,))

i ( AR

(5, 131] (5, 15,

= (([TlLerlul][TbLZ'TbUZ] - [TbLl'Té]l] [T2L1'TZU1D' ( [1f1'l1ul] [1152:111;12] -
[Izl;l'lzg]l] [Ile'12U1])' ([F1L1' F1Ul ][Flfz'FbUz] - [Flfl'Flyl][Fle' F2Ul D)

)

|[F151,Fé’1] [Fiy, Fi3 ]
| [Fr Foy 1 [F i)

)

[TE. T (To Thl
[T2L11 T2U1] [TbLz' Tbuz]

[Fh,E4 1 [FhFY]
(Fh,FA 1 [Fh FY]

) ’

)

J. Basic Appl. Sci. V. 25,1 (1). June 2026 11



A Generalized Cramer’s Rule for Tri- Component Interval -valued Neutrosophic Linear Systems

4.3.1.3: Solving of the system (9):
The unknowns are determined using the Neutrosophic division as follows:

x = det(Ay),/dety(Ay) =

(T, TR, TS = [T, TEITE TAD Uk, 18] U 155 = [y, 18] 15, 181)
([T1L1'T1U1][T2L2'Tzlé] - [T1L2'T1%][T2L1'T2U1]) ' ([1{“1'11111][@?12”2] - [If2t11uz] [12L1'12U1D ’
([Fy,, Fo ) [F, o] = [Fiy, Fi3 1[Fg,, Fy), 1)
([Ffy, Fiy [Fgy Fapl = [Fly Fio [z, Fay 1D

(

) = (X7, X1, XF),
y — det(AN)y/dEtN(AN) =

([T, T[Ty, T = [Ty Tod [To, T D) ([, 1] s, I5,] = s, 1, 31, 131])

([T1L1'T1L{][T2L2'T2L£] - [T1L2'T1g][T2L1' T2U1D ' ([1{“1'11111][1%2'12112 - [1f2'11uz] [15“1'12111]) ’
([FlLl'Fﬂ ][FbLz'FbUz] - [szl.Fé’l][Fle.FzUl ])
([Ffy, F NFg, Fool = [Fia, Fiy 1[Fyy, Far )

)= 7Y Yr)

4.3.1.4: The final solution of a binary neutrosophic system (9) via Cramer’s rule:

Is expressed in terms of the truth component, indeterminacy component and falsity component as
follows:

_ ([Tiet(AN)x Thestany ) [estan), Westan), | [Fiestan), Foestan, | )
[T;‘etN(AN)T‘z’tN(AN)] ’ [IgetN(AN) IgEtN(AN)]’ [FdLetN(AN) Fé]etN(AN)] ’

(Efet(AN)y Té{et(AN)y] [Iget(AN)y Itlilet(AN)y] [Fiet(AN)y Ft;}et(AN)y] )

[TdLetN(AN) Té]etN(AN)] ’ [IéetN(AN) IgetN(AN)] ’ [FgetN(AN) F‘i]etN(AN)]

4.4: Numerical Examples

Example 1: Let

([0.1,0.2],[0.1,0.2],[0.3,0.4 1)x([0.3,0.4],[0.2,0.3],[0.1,0.2 )y
= ([0.7,0.9],[0.3,0.5],[0.5,0.7 )

([0.2,0.3],[0.0,0.1],[0.2,0.3 Dxe([0.1,0.2], [0.1,0.2], [0.4,0.5 J)y = == 7=
= ([0.8,1.0],[0.1,0.3],[0.6,0.8 ])

. (11)

Find solution of the system.

Solution: It can be represented in matrix form as: Ay Xy = By, where:

([0.1,0.2],[0.1,0.2],[0.3,0.4])  ([0.3,0.4],[0.2,0.3],[0.1,0.2 ])\ /¥
(([0.2, 0.3],0.0,0.1],[0.2,0.3])  ([0.1,0.2],[0.1,0.2],[0.4,0.5 ])) (y)

_ (([0.7,0.9],[0.3,0.5],[0.5,0.7 ])
a ( ([0.8,1],[0.1,0.3],[0.6,0.8 ) )

4.4.1: Compute the main neutrosophic determinant:

([0.1,0.2],[0.1,0.2],[0.3,041)  ([0.3,0.4],[0.2,0.3],[0.1,0.2 ])

dety(Ay) = |([0.2, 0.3],[0.0,0.1],{0.2,0.3]) ([0.1,0.2],[0.1,0.2],[0.4,0.5 ])
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4.4.2: Decompose the system into matrices (T, I, F)

[0.1,0.2] [0.3, 0.4])

TruthmatriX(AT):<[0I2 03] [0.1.02]

[0.1,02] [0.2, 0.3])

Indeterminacy matrix(A' ): ([0 0,01] [0.1,02]

[0.3,04] [0.1,0.2 ])

Fa/sizymafﬂX(AF)’([o.z 03] [0.4,05]

4.4.3: Calculate the main determinants of the system (11)
a) Truth component determinant (7): dety (T) =

[0.1,0.2] [0.3,0.4]
[0.2,0.3] [0.1,0.2]

= (([0.1,0.2][0.1,0.2] — [0.3,0.4][0.2, 0.3]) = ([0.01,.0.04]-[0.06,0.12] = [-0.023, -0.021]

[0.1,0.2] [0.2,0.3]
[0.0,0.1] [0.1,0.2]

b) Indeterminacy component(l): dety(I) =
= [0.1,0.2][0.1,0.2] — [0.2,0.3][0.0, 0.1]
=[0.19, 0. 36] - [0.2,0.37] = [0.514,1.8],

[0.3,04] [0.1,0.2]
[0.2,03] [0.4,0.5]

c) Falsity component(F): dety (F) =
=1[0.3,0.4]{0.4,0.5] —[0.1,0.2 ][0.2,0.3 ]
=[0.58,0.7] - [0.28,0.44] = [1.32,2.5]. Hence
dety(Ay) = (dety(T),dety (D), dety (F))

B |[, 34]| |01,o.2] [0.2,0.3]| |[0304 [0.1,0.2]
=31 2100011 [0.1,02]'l[0203] [0405]]

= ([-0.023,-0.021], [0.514,1.8], [1.32,2.5])

4.4.4: Calculation of Partial determinants for the variables unknowns (det(Ay), ,det(Ay),):

For x : det(4y), = (det(Ty), det(l,), det(FE,))

_([0.7,0.9] 0304]||0305] [0.2,0.3]‘ ’[0507 01,0.2])
~ Y1[0.8,1.0] [0.1,0.2]|"1[0.1,0.3] [0.1,0.2]{"1[0.6,0.8] [0.4,0.5]

=([0.7,0.9][0.1,0.2] — [0.3,0.4][0.8,1.0], [0.3,0.5][0.1,0.2] — [0.2,0.3][0.1,0.3],
[0.5,0.71[0.4,0.5 ] — [0.1,0.21[0.6,0.8 1)

= ([0.7,0.18] — [0.24,0.4],[0.37,0.6] — [0.28,0.51],[0.7,0.85] — [0.64,0.84] )
=([0.5,-0.081,[0.73,2.141,[0.83,1.33 ])

Fory: det(Ay), = (det(Ty), det(l,), det(F,))
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_([0.1,0.2] 0709]||01,0.2] [0305||0304 05,0.7])
~ Y[0.2,0.3] [0.8,1.0]/”1[0.0,0.1] [0.1,0.3]1"1[0.2,0.3] [0.6,0.8]

=(10.1,0.2][0.8,1.0]-0.7,0.9][0.2,0.3], [0.1,0.2][0.1,0.3] — [0.3,0.5][0.0, 0.1],
[0.3,0.41[0.6,0.8 ] — [0.5,0.71[0.2,0.3 ])

= (/0.08,0.2]- [0.14,0.27], [0.19,0.44]- [0.3,0.55], [0.72,0.88]- [0.6,0.79])

= ([-0.26,0.07], [0.35, 1.47], [0.91,1.47]).

4.4.5: The solution of a binaray neutrosophic system via Cramer’s rule is expressed in terms of
the truth, indeterminacy and falsity as follows:

x = det(Ay)y y = det(Ay)y
dety (Ay), dety(Ay)

_( [05-008] [0.73,2.14] [0.83,1.33]
~\[~0.023,-0.021]" [0.514,1.8]" [1.32,2.5]

= ([-23.81,3.48],[1.34,3.35],[1.11,—0.03]),

~ ( [-0.26,0.07]  [0.35,1.47] [0.91,1.47]>
Y= \[~0.023,-0.021]" [0514,1.8]" [1.32,2.5])

= ([12.381,-3.04],[1.81,1.97], [1.07, —0.47]).
Therefore, the final solution to the nitrosophy system (according to Cramer’s rule mathematically) is
given by:
= {(x,y) € R? U {I}: x = ([-23.81,3.48],[1.34,3.35],[1.11,—0.03]),
y = ([12.381,—-3.04],[1.81,1.97],[1.07, —0.47])}.

The results derived using Cramer’s rule demonstrate the exact mathematical solution for the
studied system. Since this method maintains the mathematical integrity of the processes without
restriction. Some values outside the range [0,1] appear. This does not reduce the accuracy of the solution,
but rather reflects the nature of the analytical approach used. These solutions can be considered the
basis for subsequent studies that include advanced normalization mechanisms to convert them into
practically applicable neutrosophic formulas.

Mathematical Verification the unique solution by substitution: Taking values of the solution x =
(xr,xnxp),y = (¥r, ¥, ¥r) and from definition 2.3 we get:

Equation 1:
([0.1,0.2],[0.1,0.2],[0.3,0.4 1)x([0.3,0.4],[0.2,0.3],[0.1,0.2 )y =
(f0.1,0.2],10.1,0.2],[0.3,0.4 ) ([—23.81, 3.48],[1.34,3.35], [1.11, —0.03])&®
(f0.3,0.4],[0.2,0.3],[0.1,0.2 ])([12.381,—3.04],[1.81,1.97],[1.07,—0.47])
= ([~2.38,0.70],[1.306,2.88],[1.08,0.382]) @® (/3.71, -1.216], [1.65,1.68], [1.06,0.576]
= ([10.16,0.34],[2.15,4.84], [1.15,0.22]) # ([0.7,0.9],[0.3,0.5],[0.5,0.7 ])
The essential nature of neutrosophic systems have unique algebraic properties that are fundamentally

different from classical systems. While classical mathematics aims to find exact and absolute solutions,
neutrosophic logic recognizes the uncertain nature of real-world data.
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There for the mismatch in the substitution is not a computational error. But rather an accurate
mathematical reflection of the uncertainty present in the original data. If the data are ambiguous, it
stands to reason that the solutions will also be ambiguous.

In practical applications (such as opinion polls, weather forecasts, and economic analysis), data are
rarely completely accurate. Neutrosophic logic recognizes this fact and addresses it explicitly. The
degree of mismatch can be viewed as measure of the degree of ambiguity in a system. The greater the
mismatch, the greater the inherent uncertainty in the data and equations. ([1], [22]).

Example 2. Let

{([0.1, 0.1],[0,0],[0,0 Dx&([0.1,0.1], [0, 0],[0,0 )y = ([0.2,0.2],[0,0],[0,0 1) 12)
([0.1,0.1], [0, 0], [0,0 T)x @([0.1,0.1], [0, 0], [0,0 1)y = ([0.3,0.3], [0,0], [0, 0 J) ™ w00

Find solution of the system.

_ (([0.1,0.1],[0,0],[0,0]) ([0.1,0.1],[0,0],[0,0])
Solution: Ay = <([0_1,0.1],[0, 01,[0,0]) ([0.1,0.1],[0, 0],[0,0]))’

([0.1,0.1],[0,0],[0,0 ]) ([0.1,0.1],[0,0],[0,0 ])|
([0.1,0.1],10,0], [

dety(Ay) = | 0,0]) ([0.1,0.1],0,0],[0,0])

1,041 [0.1,0.1]) 1[0,0][0,0]) 10,01 [0,0]),
1,0.1] 01 01]| |00] [0,0]| |[00] 0,01/

det(Ay), = (det(T,),det(l,), det(E,))

_ (|l0:2.02] [04,0.1]) [0,0] [0,0]) [0,0] [0,0],
(|0303 0101||00] [0,0]| |[00] 0,01/

=([0.2,0.2][0.1,0. 1] — [0.1,0.1][0.3,0.3], [0, 0], [0, O])
= ([0.02,0.02] — [0.03,0.03], [0, 0], [0, 0])

= (/-0.01, -0.01}, [0,0], [0,0)),

det(Ay)y = (det(Ty), det(l,), det(F,))

_ (100.1,0.1] [0.2,0.2]] |[0,0] [0,0]| [[0,0] [0,0]\ _
= (|[0.1,0.1] [0.3,0.3]|' 0,0] [0, 0]| |[0 0] [0,0] |) =({0.01, 0.01}, [0,0}, [0,0)),

Neutrosophic Result: Since the neutrosophic determinant is dety(A4y) = 0 while det(4y), # 0 and
det(Ay)y # 0, the considered neutrosophc linear system is inconsistent, and therefore has no solution.

Example 3. Let

{([0.1,0.1],[0,0 (13)

1,10,0 Dx([0.1,0.1], [0, 0],[0,0 )y = ([0.2,0.2],[0,01,[0,0 )
(102.0.2]. [0,0], [0.0 [)x D([0.2,0.2], [0, 0], [0,0 1)y = ([0.4, 0.4] [0.0], [0, 0 J) - == == =0+

Find solution of the system.

(f0.1,0.1],[0,0],[0,0]) ([0.1,0.1],[0,0], [0,0 ]))
([0.2,0.2],[0,0], [

Solution: Ay = ( 0,01 ([0.2,0.2],{0,0],[0,01)
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_1[0.1,0.1],[0,01,[0,0])  ([0.1,0.1],[0,0],[0,0])

dety(Ay) = |([0.2, 0.2],[0,0],[0,0]) ([0.2,0.2],[0,0],[0,0 ])|

_ (1[0.1,0.1] [0.1,0.1]} [[0,0] [0,0]| |[0,0] [0,0]]\ _

B (|[0.2,0.2] [0.2,0.2] H 0,0] [o, 0]| |[0 0] [0,0] |> = (10,01,[0,0],{0,0),
_100.2,0.2] [0.1,0.1]] [[0,0] [0, [0,0] [0,0]

det(Ay)x _(’[0.4,0.4] [0.2,0.2 | |[o 0] [0, || 0,0] [0,0]‘)

= ([0,0],[0,0],[0,0]),

ey =(ligz0a1 pooaool ool ool ool

’

= ([0, 0],{0,0],[0,0]),

Since, dety(Ay) = det(4y), = det(4y), = 0, then the system has an infinite number of neutrosophic
solution. Therefor if we assume that:

y= (tT' tIltF) = ([t' t]' [t' t]' [t' t])

any free variable then y with all its components T, I, F is directly related to the parameter.
(f0.1,0.1],10,0], [0,0 Dxeb([0.1,0.1],[0, 0], [0,0 D¢t = ([0.2,0.2],[0,0],[0,0 ])

(f0.1,0.1],[0,0],[0,0 Dx = ([0.2,0.2],[0,0],[0,0]) — ([0.1,0.1],[0,0],[0,0 ])

([t, t], [t, t], [t, t]). Since,x = (x7, x;, x) then [0.1,0.1]x; = [0.2,0.2] — [0.1,0.1][¢, t]. From definition: 2.3 we get:

[0.2,0.2][0—.1[(3?1,?.1][@ t] 5 =001 xr = [001].

Xt =

Henec The solution of a neutrosophic system is:

_ (102 =t,02 —¢7]
a ( [0.1,0.1]

’ [0,0 ]l [010 ]) Yy = (tT' tI' tF)'

Thus, the system has an infinite number of neutrosophic solution. Therefor the solution is given by:

S _ [02 - tT' 02 - tT]
[0.1,0.1]

,[0,01,0,0 ]).(tr, t,te); t €RU{I}}

Example 4. Let

{([0.5,0.6],[0.6,0. 71,0.8,0.9 Dx&([0.1,0.2],[0.2,0.3], [0.3,0.4 1)y = ([0,0],[0,0 (14)

[
([0.1,0.2],[0.2,0.3],[0.3,0.4 ])x &([0.5, 0.6], [0.6,0.7],[0.8,0.9 1)y = ([0,0],[0,0],[0,0]) ™™
Find solution of the system.

([0.5,0.6],[0.6,0.71,[0.8,091)  ([0.1,0.2],[0.2,0.3],[0.3,0.4 ]))

Solution: Ay = (([0.1,0.2],[0.2, 0.31,10.3,041) ([0.5,0.6],[0.6,0.7],[0.8,0.9 ])

dety(Ay) = |([0.5, 0.6],[0.6,0.7],[0.8,091) ([0.1,0.2],[0.2,0.3],[0.3,0.4 ])|

([0.1,0.2],[0.2,0.3],[0.3,04 1)  ([0.5,0.6],[0.6,0.7],[0.8,0.9 1)

_ (|[0.5,0.6] [0.1,0.2]] |[60.,0.7] [0.2,0.3]| [[0.8,0.9] [0.3,0.4]
B ( |[0.1, 0.2] [05, 0.6]’ ’ | [0.2,0.3] [0.6, 0.7]| |[0 3,04] [0.8,09 ]|>

= (([0.5,0.6][0.5,0.6] — [0.1,0.2][0.1, 0.2]),
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([0.6,0.71[0.6,0.7] — [0.2,0.3][0.2,0.3]), ([0.8,0.9 1[0.8,0.9 ] — [0.3,0.4 ] [0.3,0.4 1))
= ([0.25,0.36] — [0.01,0.04], [0.84,0.91] — [0.36,0.51], [0.96,0.99] — [0.51,0.64])

=(/0.22,0.37], [1.65,2.53],[ 1.5,1.94]). Based on the calculation of the neutrosophic determinant of the matrix Ay,
where:

dety(Ay) = ([0.22,0.37],[1.65,2.53],[ 1.5, 1.94]), we observe that values of the components (T, I, F) do
notinclude zero (as all lower and upper bounds are strictly positive). This indicates that the determinant
is not equal to the Neutrosophic zero ([0, 0],[0,0],[0,0])([20],[22]). Consequently, the homogeneous
system Ay Xy = 0 has only a trivial solution i.e., Xy = ([0, 0],[0,0],[0,0]).

4.4: Ternary Tri-Component Interval-Valued Neutrosophic Linear Systems (3x3):

This section demonstrates the use of the generalized rule for 3X3 systems, presenting analytical
solutions and discussing existence and uniqueness conditions with illustrative numerical examples.

Definition 4.4: The Neutrosophic ternary system can be represented as a set of three equations in three
unknowns, in which each coefficient and constant term is expressed as a tri-component closed interval.
Corresponding to the degree of truth, inderminacy, and falsity. the system can be written as:

([Th, T Ut 1) [Fh FOD®(Thy, Ti), Uiz, 1), [Fiz, Fi Dy
(T, T (s 5] [Fls, Fis Dz = ([Tgy Tl U 131 ] [Fh Fy 1)
([Ts1, TA) U5 151] [Foy, Fh Dx@® ([T, T, 122, 152], [Fa2, F2o Dy
I@([T2L3: T2U3]'[12LS'1£]3]:[F2L3'F2Us Dz= ([Tzfz' lez]'[llgz'lgz]r[Flfz'Flyz])
l([TgLy T3], Uz I51), [F3, F3y Dx® TSy, T35), 132, 53], [Fio, F3p Dy
O(Tss, T 153, 1351, [, Fis Dz = ([Tys, Tss) Ubs. 1), [Fia Fis |)

Where the operations: @ and . denote neutrosophic addition and multiplication, respectively. It can be
represented in matrix form as:

Ay Xy = By

where:

([TlLlr qu]r [I%lr Ilul]! [FlLlﬁ F1Ul )] ([TlLZ! Tllé]! [IfZ! 11"2]' [F1L2! F1UZ ]) ([T1L3' Tllé]! [If3: 11113]' [F1L3l Fl% ])

Ay =| Tz, TAL U 31 FsL F D) ((The Taa) Use, 122) [Fio  Fio D) (ITas, Tasl 35, 1351 [Fis, Faz 1)
(Ts, T1) Use I31) [F3, P D) ((Tse, Tsol (B2, 1320 [Fiz, Fip 1) (T35, Ts3), (35, 155), [Fas, F33 1)
) (AN AN )

Xy = () Bw= | A7 T8 UL L [FE AL D

(75, o) U5, 15, [P Py 1)

4.4.1: Solve the system (15):

The main determinant dety (4 ) for the 3 X 3 coefficient matrix A is defined as:

dety(An) = (Taety(ay) laetyay) Faetyay))

which is obtained by calcining separately the determinants of the truth, inderminacy, and falsity sub-
matrices. Similarly, auxiliary determinants for each variable are computed by replacing the

corresponding column with the Neutrosophic constants, yielding:

For x : dety(An)y = (det(Ty),det(ly), det(E)),
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Fory : dety(Ay)y, = (det(Ty),det(l,), det(F,)),
For z : dety(Ay), = (det(T,), det(l,), det(E,)).

Final Solution for system (15):

The unknowns are determined using the Neutrosophic division as follows:

x = det(Ay),/dety(Ay) = (xr,x;, xp):

(Tru Tpnl  [Tio, Ti2]  [Tis, T3]
det [ng“z'Tbl;] (T3, T25] [T, T3]
[Tz;L3' Tbi] (T35, Tsz] T35, T33]
For truth component of x: xp = I 0 ,
T T (T THl [T T
det | (T3, T3] [Th Tzl (T4 T
[T, Tl [T Tsp]  [T45,Tasl

[T1L1, Tf'l 1 [T Tpal  [Tis, T3]

det | [T5, T3 ] [sz Tb 1 [T, T3]
. . [T31’ T31] [Tb3 I;]] (T35, T3]
For inderminacy component of x: x; = i ,
[Tll' T11 ] [TIZ' Tl ] [T13' T13]
det | [T51, T ] [T Tr) (T4 Txl
[T31'T31] [T32'T32] [T33' T33]
(T, T 1 [Tl T2l [Th Tyl
det| [T, T3] (T2, T35 [Ty, Ts)
(T3, T3] (T35, T5] [T, Tyl
For falsity component of x: xp = 3Ll 3Ul 3 b5’ Ds
[Tll' T11 ] [TIZ' T12] [T13' T13]
det| [Ty, Th 1 (T3 Tl [T Thl
(T, Tl [T Ts] [T, Tasl

Can be repeat that for y and z and for truth, inderminacy falsity components. Hence, according to Cramer’s rule,

the Neutrosophic solution is computed component wise as:

L U L U L U
_ <[Tdet(AN)x' Toeranye ] detcanyer Toetcanyy ] [Fletcanye Faetcan)y | )

L U ’ L U ’ L U
[TdetN(AN)' TdetN(AN)] [[detN(AN)' [detN(AN)] [FdEtN(AN)' FdetN(AN)]

L U L U L U
B [Tdet(AN)y Tdet(AN)y] [Idet(AN)y' Idet(AN)y] [Fdet(AN)y’ Fdet(AN)y]
P\ I 1" Detyon ermeam] [Fleyiany Faeeneam] |
dety(An)’ detN(AN) dety(An)’ “dety(An) dety(An)’ * dety(An)

L U L U L U

_ ([Tdet(AN)Z' Taetan), | detcanyy ldetcan, ) [Fhetcan), Faetcan), | )

- L U " [rL U ’ L U :
[TdetN(AN)' TdetN(AN)] [IdetN(AN)’ IdetN(AN)] [FdetN(AN)’ FdetN(AN)]

Numerical Examples 4.4:

Example 1. Let

([0.7,0.9],0.1,0.2],[0.2,0.1 1)x([0.2,0.4], [0.3,0.5],[0.1,0.3 1y
@([0.1,0.3 ],[0.2,0.4],[0.2,0.6 D)z = ([0.2,0.3], [0.0,0.0], [0.0,0.0 ])

([0.3,0.5],0.2,0.4],[0.1,0.3 1)x([0.6,0.8],[0.1,0.3],[1.0,0.2 )y 16)
D0.6,08],[0.1,0.3] [0.1,0.2 117 = ([0.0,0.0], [0, 0.3, [0.0,0.0 J) = v
([0.4,0.6],0.1,0.3],[0.2,0.4 1)x([0.3,0.5], [0.2,0.4], [0.6, 0.8])y
@([0.8,1.0],[0.1,0. 2], [0.1,0.3 Dz = ([0.0,0.0], [0.0,0.0], [0.4,0.5 1)
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Find solution of the system.
Solution:
Since dety (Ay) is defined as:
dety (An) = (Taety(an)r laetyan) Faetyan))

The main determinant dety (4y) =

|

Using Sarrus’ rule to calculate the Partial determinants and definition 2.3 we get:

[0.7,09] [0.2,04] [0.1,0.3]
[0.3,0.5] [0.6,0.8] [0.6,0.81],
[0.4,0.6] [0.3,0.5] [0.8,1.0]

[0.1,02] [0.3,05] [0.2,04]
[0.2,0.4] [0.1,03] [0.1,0.31],
[0.1,0.3] [0.2,0.4] [0.1,0.2]

[0.2,0.1] [0.1,0.3] [0.2,0.6]
[0.1,03] [1.0,02] [0.1,0.2]
[0.2,04] [0.1,03] [0.1,03]

)

[07,09] [0204] [0.1,03]
Taety(ay) = |[03,05]  [0.6,0.8] [02,04]]= [0.7,0.9]det({g'g'g'g} %8201”5}) -
[0.4,06] [03,05] [0.8 1.0] 3,05 108,1.
[0.3,05] [0.2,0.4] [0.3,05] [0.6,0.8]
[02,0.4] det( 0.4,0.6] [0.8, 1.0])+ [0-1,03 Jdet ([0.4,0.6] [0.3, o.5]>

=[0.7,0.9 ]([[0.6,0.8] [0.8,1.0] — [0.2,0.4 ][0.3,0.5]) —[0.2,0.4](10.3,0.5][0.8,1.0] —
[0.2,0.4][0.4,0.6]) + [0.1,0.3 ]([0.3,0.5][0.3,0.5] — [0.6,0.8][0.4,0.6 ])
=1[0.7,0.9 ]([0.48,0.8] — [0.06,0.2]) — [0.2,0.4]([0.24,0.5] — [0.08,0.24]) + [0.1,0.3 ]

(/0.09,0.25]-/0.0.24,0.48]) =[0.7,0.9 ][0.35,0.79] — [0.2,0.4][0.0,0.46] + [0.1,0.3 ][-0.75,0.13] = [0.25,0.71] —
[0.0,0.18] 4+ [-0.075,0.039] = [0.085,0.71] + [—0.075,0.039] = [0.016,0.72],

[0.1,0.2] [0.3,0.5] [0.2,04]
[0.2,0.4] [0.1,0.3] [0.1,0.3]f=[0.1,0.2]([0.1,0.3][0.1,0.2] — [0.1,0.3][0.2,0.4]) —
[0.1,0.3] [0.2,04] [0.1,0.2]
[0.3,0.5]([0.2,0.4][0.1,0.2] — [0.1,0.3 ][0.1,0.3 ]) + [0.2,0.4 ]([0.2, 0.4][0.2, 0.4] — [0.1,0.3][0.1,0.3])

IdetN(AN) -

=[0.1,0.2]([0.19,0.44] — [0.28,0.58]) — [0.3,0.5]([0.28,0.52 ] — [0.19,0.51]) + [0.2,0.4 1([0.36,0.64] —
[0.19,0.51]) = [0.1,0.2 ][0.0,1.57] — [0.3,0.5][0.55,2.74] + [0.2,0.4 1[0.71,3.37] = [0.11,1.46] — [0.69,1.87] +
[0.77,2.42]

=/0.059,2.12] + [0.77,2.42] = [0.045,5.13],

[0.2,0.1] [0.1,0.3] [0.2,0.6]
[1.002] [0.1,02]
Faetyay = |[01,03] [1.0,02] [0.1,02]] = [0.2,0.1 ]det -
e T 0204] [01.03] [0103] [0.1,0.3] [0'1'0'3]’
[0.1,03] [0.1,0.2] [0.1,03] [1.0,0.2] B
[o.1,0.3]det|[0_2,0_4] [0.1’0.3]|+[0.206]dt|[0.2’0.4] [0'1‘0'3]| =10.20.11([1.0,021[0.1,03] —

[0.1,0.21[0.1,0.3])

—[0.1,0.31([0.1,0.3 1[0.1,0.3 ] — [0.1,0.2 ][0.2,0.4 ]) + [0.2,0.6]([0.1,0.31[0.1,0.3 ] — [1.0,0.2 ][0.2,0.4 ]) =
[0.2,0.11([1.0,0.44] — [0.19, 0.44]) — [0.1,0.3]([0.19,0.51]

—[0.28,0.52]) + [0.2,0.6]([0.19,0.51] — [1.0,0.52] ) = [0.2,0.1][2.27,2.32] — [0.1,0.3][0.37,1.82]]
+[0.2,0.61[0.37,0.51] = /2.016,2.19]- [0.43,1.57] + [0. 50,0.80]

=/1.281.39] + [0.50,0.80] = [0.64,1.11].

So, dety(Ay) = (TdetN(AN)r Laety(an) FdetN(AN))
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= ([0.016,0.72],[0.045,5.13], [0.64,1.11])

determinants for each variable are computed by replacing the corresponding column with the
Neutrosophic constants,
For x : dety (Ay), = (det(T,), det(l,), det(F,)) =

|

— ([0.2,0.3 ]det |

[0.2,03] [0.2,04] [0.1,0.3]
[0,0] [0.6,0.8] [0.6,0.8]
[0,0] [0.3,0.5] [0.8,1.0]

[00] [03,05] [0.2,04]
[0.1,0.3] [0.1,0.3] [0.1,0.3]
[0,0] [0204] [0.1,0.2]

[0,0] [0.1,03] [0.2,06]
[00] [1.0,02] [0.1,0.2]
[0.405] [0.6,0.8] [0.1,0.3]

’ 1]

[0.6,0.8] [0.6,0.8]

[0.3,0.5] [0.8,1.0]
[0.2,0.4] [0.1,03]

| — [0, 0]det | [0.2,0.4] [0.1,0.3 ]|

[0.3,0.5] [0.8,1.0]
[0.1,0.3] [0.2,0.4]

[03,05] [0.2,04]
[0.0)det |15 6 0.8] [0.6,0.8]|'[O'0'0'0]det [0.2,04] [0.1,0.2]‘_[0'1'0'3]‘1” [0.2,04 ] [0.1,0.2]|
[0.3,0.5] [0.1,0.3]
[0, 0]det |[0.1,0.3] [0.1,03 ]| '
[1.0,02] [0.1,0.2] [0.1,03] [0.2,0.6] [0.1,0.3] [0.2,0.6] _
[O'O]det|[0.6,0.8] (01,037 ~10014et ][5 6087 [o.1,o.3]|+[°'4'°'5]d“|[1.o,o.21 [0.1,0.2]|) =

([0.2,0.3 ]([0.48,0.8] — [0.18,0.4]) — [0,0]([0.16,0.4] — [0.03,0.15]) + [0.0]([0.12,0.32] —
[0.06,0.24]),[0,0]([0.01,0.06] — [0.04,0.16]) — [0.1,0.3]([0.03,0.1] — [0.04,0.16]) + [0, 0]([0.03,0.15] —
[0.01,0.09]), ([0,0 ]([0.01,0.06] — [0.02,0.12]) — [0,0 ]([0.01,0.9] — [0.12,0.48]) + [0.4,0.5 ]([0.01,0.06]-[0.2,0.12])

=([0.2,0.3 1[0.13,0.76], [0,0][0.061,1.5] — [0.1,0.3][0.19,2.5] + [0, 0][0.33,15],[0,0 ][0.83,3] — [0,0 ][0.021,7.5] +
[0.4,0.5 1[0.083,0.3])

= (/0.26,023],[0.061,1.5] —[0.27,2.05]+1[0.33,15],[0.83,3] — [0.021,7.5] + [0.45,0.58])
= (/0.26,023],/0.030,0.73] ]+ [0.33,0.15],/0.11,142.9] +[0.45,0.58])

= (/0.26,0.23], [0.01,0.11], [0.05,82.88])

Solving For x: using the Neutrosophic division as follows:

x = det(Ay)y/dety(Ay) = (x7, %, Xp):

_ ( [0.26,0.23] [0.01,0.11] [0.05,82.88]

(0016072 [0.0455.13] [064'1.11]) = ([0.36,14.38],[1.24,0.068],[9.64,228.44])

Fory : dety(Ay)y, = (det(Ty),det(l,),det(F,)) =

|

— ([0.7,0.9]det |

[0.7,09] [0.2,03] [0.1,0.3]
[0.3,05] [0,0] [0.6,0.8]
[0.4,0.6] [0,0] [0.8,1.0]

[0.1,02] [0,0] [0.2,04]
[0.2,0.4] [0.1,03] [0.1,03]
[0.1,03] [0,0] [0.1,0.2]

[02,01] [00] [0.2,06]
[0.1,0.3] [0,0] [0.1,0.2]
[02,04] [04,05] [0.1,0.3]

’ )

|

[0,0] [0.2,0.4] [03,05] [0.608]
[0.0] [08 1.0] _[0'2’0'3]d6t|[0.4,0.6] [0.8,1.0]|
[0.3,0.5] [0,0] [0.1,0.3] [0.1,0.3]
+10.0,03 Jdet | ") "0 [0’0],[0.1,0.2]det‘ ool [0_2,0_4]‘
[0.2,0.4] [0.1,0.3]
[0.1,0.3] [0.0,0.2]
[0.2,04] [0.1,0.3]
+[0.2,0.4 |det [0.1,0.3] [0,0]

—[0,0]det

|,[0.2,0.1 1 det | [00] [0.1,02 ]|

[0.4,0.6] [0.1,0.3]

[0.1,0.3] [0.1,0.2]

~[0.01 det]r0 2041 [0.103]

| +10.2,0.6 ] det ‘[0'1'0'3] [0,0] |

[0.4,0.6] [0.4,0.5]
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= ([0.7,0.9] [0,0] — [0.2,0.3 ]([0.24,0.5] — [0.24,0.48]) + [0.1,0.3 ][0,0], [0.1,0.2 ]([0.28,0.58] — [0.1,0.3 ]) —
[0,01([0.2,0.52] — [0.19,0.51]) + [0.2,0.4 ]([0.2, 0.4] — [0.19,0.51]),[0.2,0.1 ]([0.1,0.3 ] — [0.46,0.68]) —
[0,0 1([0.19,0.51] — [0.28,0.52]) + [0.2,0.6 ]([0.46,0.65] — [0.4, 0.6])

= ([0,0] = [0.2,0.3][—0.46,—0.5] + [0,0], [0.1,0.2 ][0.92,5.8] — [0,0][0.39,2.70] +
[0.2,0.4 1[0.39,1.053], [0.2,0.1 ][0.15,0.65] — [0,0 1{0.37,1.82] + [0.2,0.6 1[0.77,1.63])

= ([0.18,0.08],[0.32,0.24] — [0.37,1.82] + [0.08,0.42],[0.32,0.69] — [0.37,1.82] + [0.154,0.98]) =
([0.18,0.08],[0.176,0.65] + [0.08,0.42],[0.176,1.86] + [0.154,0.98]) =
([0.18,0.08],[0.0141, 0.273],[0.0271,1.823])

Solving For y: using the Neutrosophic division as follows:

y = det(Ay),/dety(Ay) = Y1,y Yr):

_([0.18,0.08] [0.0141,0.273] [0.0271,1.823])
~\[0.016,0.72]  [0.045,5.13] [0.64,1.11]

= ([0.25,5], [—8.38,0.24], [9.84,3.29])

For z : dety(Ay), = (det(T,), det(l,), det(F,))

|

=[0.2,0.3]([0.3,0.5][0.3,0.5] — [0.6,0.8][0.4,0.6]) — [0.0,0.0 ]([0.7,0.9 ][0.3,0.5] — [0.2,0.4][0.4,0.6]) +
[0.0,0.0]([0.7,0.9 ][0.6,0.8] — [0.2,0.4][0.3,0.5]),[0.0,0.0 ] [0.2,0.4][0.2,0.4] — [0.1,0.3][0.1,0.3]) —
[0.1,0.3]([0.1,0.2][0.2,0.4 ]

[0.7,09] [0.2,0.4] [0.2,03]
[0.3,0.5] [0.6,0.8] [0.0,0.0]
[0.4,0.6] [0.3,0.5] [0.0,0.0]

[0.1,02] [0.3,05] [0.0,0.0]
[0.2,04] [0.1,0.3] [0.1,0.3]
[0.1,03] [0.2,04] [0.0,0.0]

[0.2,01] [0.1,0.3] [0.0,0.0]
[0.1,03] [1.0,02] [0.0,0.0 ]
[0.2,04] [0.6,0.8] [0.4,0.5]

’ )

-10.3,0.5][0.1,0.3]) + [0.0, 0.0]([0.1,0.2 ][0.1,0.3] — [0.3,0.5][0.2, 0.4]), [0.0,0.0 ]([0.1,0.3 1[0.6,0.8] —
[1.0,0.21[0.2,0.4 1) — [0.0, 0.0]([0.2,0.1 ][0.6,0.8] — [0.1,0.3][0.2,0.4 1) + [0.4,0.5]([0.2,0.1 ][1.0,0.2 ]

-0.1,0.3][0.1,0.3]) = [0.2,0.31([0.09,0.25] — [0.24,0.48]) — [0.0,0.0],

[0.0,0.0 1([0.36,0.64] — [0.19,0.51]) — [0.1,0.3 ]([0.28,0.52] — [0.37,0.65]) + [0.0,0.0]([0.19,0.44] —
[0.44,0.71), [0.0,0.0 ] ([0.64, 0.86] — [1,0.52]) — [0.0, 0.0]([0.68,0.82] — [0.28,0.58]) + [0.4,0.5]([1,0.28] —
[0.19,0.51])

= ([0.2,0.3 ][-0.75,0.0132],[0.0, 0.0 ][0.71,3.37] — [0.1,0.3 ][0.43,0.8] + [0.0, 0.0][0.27,1],[0.0, 0.0][1.231, 0.86]
—1[0.0,0.0][1.17,1.41] + [0.4,0.5][1.961,1.474])
= ([-0.15,0.004],[0.71,3.37] — [0.125,0.70] + [0.27,1],[1.231,0.86] — [1.17,1.41]
+ [0.78,0.74])

= ([-0.15,0.004], [1.014,26.96] + [0.27,1],[0.87,0.74] + [0.78,0.74])

= ([-0.15,0.004],[0.27,26.96],[0.68,0.55])

Solving For z: using the Neutrosophic division as follows:

det(Ay),/dety(Ay) = (21,21, 2F):
([0.016,0.72], [0.045,5.13], [0.64, 1.11])

Z =
Z =

([—0.15,0.004] [0.27,26.96] [0.68,0.55])
[0.016,0.72] * [0.0455.13]" [0.64,1.11]

= ([-0.21,0.25], [-0.73,28.18], [3.91,—0.25])

The fined solution of the system:
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x = ([0.36,14.38],[1.24,0.068], [9.64,228.44])
y = ([0.25,5], [—8.38,0.24], [9.84,3.29])
z = ([-0.21,0.25], [-0.73,28.18], [3.91,—0.25])

Mathematical Verification by substitution:

Taking values of the solution x = (x;, x;,x¢),y = r, ¥, Vr), 2 = (27, Z;, Zp) and from definition 2.3 we
get:

([0.7,0.9],[0.1,0.2], [0.2,0.1 ])x&([0.2,0.4], [0.3,0.5], [0.1,0.3 ])y([0.1,0.3 ], [0.2,0.4], [0.2,0.6 ])z

Equation 1:
(0.7,0.9],[0.1,0.2],[0.2,0.1 NDx&([0.2,0.4],[0.3,0.5],[0.1,0.3 ])y&([0.1,0.3 ],[0.2,0.4],[0.2,0.6 ])z

= ([0.7,0.9],[0.1,0.2], [0.2,0.1 ) (x7, 7, x£)©([0.2,0.4],[0.3,0.5], [0.1,0.3 D(yr,¥1, yr)
@®([0.1,0.31,[0.2,0.4],[0.2,0.6 )(zr,2,2r)z

= ([0.7,0.9],[0.1,0.2], [0.2,0.1 ) ( [0.36,14.38], [1.24,0.068], [9.64,228.44]) &
([0.2,0.4],[0.3,0.5],[0.1,0.3 1)([0.25,5], [-8.38,0.24], [9.84,3.29])®
([0.1,0.31,[0.2,0.4],[0.2,0.6 1)([—0.21,0.25], [—0.73,28.18], [3.91,-0.25])

= (0.252,12.942], [1.22,0.254],[7.912,205.70])& ([0.05,2],[-5.55,0.62],/8.96,2.603]) ®

([-0.089,0.48], [-0.384,17.31],[3.33,0.5] =
([0.29,-10.942], [—6.77,0.16], [70.89,535.44]d([—0.089,0.48], [-0.384,17.31], [3.33,0.5]

= ([0.23,-6.19],[2.56,2.77],[236.064,267.72]) # ([0.2,0.3],[0.0, 0.0],[0.0,0.0 ])

Although a unique mathematical solution exists for the neutrosophic system, a challenge arises when
verifying it through direct substitution in the original system. The results showed that full consistency
is not achieved upon substitution, reflecting the inherent nature of the vague data processed by
neutrosophiclogic. In classical systems, we seek an exact solution. Whereas in neutrosophic systems, we
aim for an optimal solution under uncertainty.

The discrepancies observed in the substitution process demonstrate the capability of neutrosophic logic
to handle uncertainty, as the obtained solutions represent a range of possible values rather than a single
value, thereby enhancing flexibility in complex real-world problems.

The lack of substitution consistency in interval neutrosophic systems indicates that the original system
is inconsistent and no solution satisfies all intervals simultaneously. The failure to achieve full
consistency also reflects the nature of operations in interval neutrosophic systems, where algebraic
operations are not entirely invertible as in classical algebra. Hence, neutrosophic logic does not pursue
an exact solution but an optimal one under uncertainty. Consequently, neutrosophic systems may have
a unique solution; however, this does not guarantee complete consistency upon substitution.

Mathematical analysis of non-identity:

Non-identity of interval operations in classical systems, algebraic operations are completely reversible.
However, in neutrosophic interval systems, the operations lose their reversibility.

Loss of information in arithmetic series. Serial operations on intervals lead to a gradual loss of
information:

e Loss of interval distribution within intervals.
e Loss of relationships between lower and upper bounds.
e Accumulation of inaccuracy with each operation.
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The effect of neutrosophic processes on ([Tt, TY], [1%,1Y], [FE, FY)).

(([0.6, 0.8],[0.1,0.3],{0.0,0.2 Dx + ([0.3,0.5],[0.2,0.4],[0.1,0.3 Dy
| +([0.2,0.4],[0.1,0.3],[0.0,0.2 )z = ([0.9,0.1],[0.0,0.2],[0.1,0.3 )
([0.6,0.8],[0.1,0.3],[0.0,0.2 )x + ([0.3,0.5],[0.2,0.4]], [0.1,0.3] )y
+([0.2,0.4],[0.1,0.3],[0.0,0.2 )z = ([0.2,0.4],[0.1,0.3],[0.0,0.1 ])
l([0.4, 0.6],[0.2,0.4],{0.1,0.3 Dx + ([0.2,0.4],[0.3,0.5],[0.2,0.4 Dy
+([0.3,0.5],[0.1,0.3],[0.0,0.2 )z = ([0.8,1.0],[0.0,0.2],[0.1,0.3 )

Example 2. Let {

Solution: dety (Ay)

([0.6,0.8],[0.1,0.3],[0.0,0.2] )  ([0.3,0.5],[0.2,0.4],[0.1,0.3])  ([0.2,0.4],[0.1,0.3],[0.0,0.2 ])
([0.6,0.8],[0.1,0.31,[0.0,0.2]) ([[0.3,0.5],[0.2,0.4]],[0.1,0.3]) ([0.2,0.4],[0.1,0.3],[0.0,0.2])
([0.4,0.6],[0.2,0.4],[0.1,0.3])  ([0.2,0.4],[0.3,0.5],[0.2,0.4])  ([0.3,0.5],[0.1,0.3],[0.0,0.2 )

|

We notice that in each of the determinants the first row is equal to the second row, so:
dety (Ay) = ([0,0],0,0],[0,0])

Now Calculation of Partial determinants for the variables

unknowns (det(Ay), , det(Ay),det(Ay),,):

For x : det(Ay), = (det(T,), det(l,), det(E,))

|

Using Sarrus’ rule to calculate the Partial determinants and definition 2.3 we get:

[0.6,0.8] [0.3,0.5] [0.2,0.4]
[0.6,0.8] [0.3,0.5] [0.2,0.4]
[0.4,0.6] [0.2,04] [0.3,0.5]

[0.1,03] [0.2,04] [0.1,0.3]
[0.1,0.3] [0.2,04] [0.1,03]
[0.2,0.4] [0.3,0.5] [0.1,0.3]

[0.0,02] [0.1,0.3] [0.0,0.2]
[0.0,02] [0.1,0.3] [0.0,0.2]
[0.1,03] [0.2,04] [0.0,0.2]

’ )

|

[0.9,01] [0.3,0.5] [0.2,04]
[0.2,0.4] [0.3,0.5] [0.2,0.4]
[0.8,1.0] [0.2,04] [0.3,0.5]

[0.0,02] [0.2,04] [0.1,03]
[0.1,0.3] [0.2,04] [0.1,03]
[0.0,02] [0.3,0.5] [0.1,0.3]

[0.1,03] [0.1,0.3] [0.0,0.2]
[0.0,01] [0.1,0.3] [0.0,0.2]
[0.1,0.3] [0.2,0.4] [0.0,02]

’ ’

)

[0.9,0.1] [0.3,0.5] [0.2,0.4]
[0.2,0.4] [0.3,0.5] [0.2,0.4]
[0.8,1.0] [0.2,0.4] [0.3,0.5]

det (Ty) =

=0.9,0.1]([0.3,0.5][0.3,0.5] — [0.2,0.4 ][0.2,0.4 ])- [0.3,0.5]([0.2,0.4][0.3,0.5] — [0.2,0.4 ][0.8,1.0])
+[0.2,0.4 1([0.2,0.4]([0.2,0.4 ] — [0.3,0.5][0.8,1.0])

={0.9,.11([0.09,0.25] — [0.04,0.16]) — [0.3,0.5]([0.06,0.2] — [0.16,0.4] + [0.2,0.4 ]([0.04,0.16] — [0.24,0.5])
= [0.9,0.1][—0.08,0.22] — [0.3,0.5][—0.57,0.048] + [0.2,0.4 ][-0.92,-0. 12]
=[-0.072,0.022 ] — [—0.171,0.024] + [—0.184, —0.048]
=[-0.1,0.17] + [-0.184,—0.048] = [—3.00,0.130]] = [0,0],
[0.0,02] [0.2,04] [0.1,03]
det(l) = |[0.1,0.3] [0.2,04] [0.1,0.3]| = [0.0,0.21([0.2,0.4][0.1,0.3] — [0.1,0.3 ][0.3,0.5]) —
[0.0,0.2] [0.3,0.5] [0.1,0.3]
[0.2,0.41([0.1,0.3][0.1,0.3] — [0.1,0.3][0.0,0.2]) + [0.1,0.3 1([0.1,0.3][0.3, 0.5] — [0.2,0.4 ][0.0, 0.2])
=[0.0,0.21([0.28,0.58] — [0.37,0.65]) — [0.2,0.4 1([0.19,0.51] — [0.1,0.44]) + [0.1,0.3]([0.37,0.65] — [0.2,0.52])

=/10.0,0.2][0.43,1.57] — [0.2,0.4 ][0.43,5.1] 4+ [0.1,0.3 ][0.71,3.25]
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= [0.43,1.46] — [0.54,3.46] + [0.74,2.58] = [0.124,0.42] +[0.74,2.58] = [0.09,1.08]
# [0,0],

[0.1,03] [0.1,0.3] [0.0,0.2]
det (F,) = [[0.0,0.1] [0.1,0.3] [0.0,0.21]| =[0.1,0.31([0.1,0.31[0.0,0.2] — [0.0,0.21[0.2,0.4]) —

[0.1,0.3] [0.2,04] [0.0,0.2]
[0.1,0.3]([0.0,0.11[0.0,0.2 ] — [0.0,0.2 1[0.1, 0.3]) + [0.0,0.2 1([0.0,0.1 1[0.2,0.4 ] — [0.1,0.3][0.1,0.3]) =
(10.1,0.31([0.1,0.44] — [0.2,0.52 ]) — [0.1,0.3](/0.0,0.28]-/0.1,0.44])+[0.0,0.2 1([0.2,0.46] — [0.19,0.51])

=[0.1,0.31/0.19,0.85/-[0.1,0.3] /0.0,2.8] +[0.0,0.2 1/0.39,2.42]
=[0.27,0.9]- [0.1,2.26] + [0.39, -0.48] = [0.12,9] + [ 0.39, -0.48] = [0.045,-4.32] = [0,0].
= [0.1,0.3 ][—0.08,0.06] — [0.1,0.3 ][-0.06,0.02] + [0.0,0.2 ][—0.09,0.03] = [—0.024,0.030] # [0,0].

Since all three components (T,I,F) = (truth component, inderminacy component and falsity
component) do not satisfy the solution condition, the neutrosophic system as a whole has no solution.
When dety (4y) = 0, det(4;) = 0 for some j, for any component, the system is inconsistent ([3], [20]).
This means that the equations are contradictory and no solution can be found that satisfies all three
components.

Example3: Let

([0.6,0.8], [0.1,0.3],[0.0,0.2 x + ([0.3,0.5],[0.3,0.5], [0.1,0.3 Dy
+([0.2,0.4],0.1,0.3],[0.0,0.2 Dz = ([0.9,0.1],[0.0,0.2],[0.1,0.3 1) ... (i)
([0.2,0.4],[0.5,0.7],[0.0,0.6 Dx + ([0.1,0.2], [0.7,0.8], [0.5,0.7])y
+([0.4,0.8],[0.5,0.7],[0.0,0.6 )z = ([0.5,0.03],[0.0,0.6], [0.5,0.7 ]) ... (i) ™" """
([0.6,0.8],[0.1,0.3],[0.0,0.2 x + ([0.3,0.5], [0.2,0.4], [0.1,0.3 Dy
+([0.2,0.4],0.1,0.3],[0.0,0.2 Dz = ([09,0.1],[0.0,0.2],[0.1,0.3 1) ... (i)

N (£2))

Find solution of the system.

Solution: we note that from the system (18) equation (i) and equation (iii) are exactly identical. And
equation (ii) is a multiple of equation (i). So the system reduces to a single independent equation:

([0.6,0.8],[0.1,0.3], [0.0,0.2 Dx + ([0.3,0.5], 0.2, 0.4],[0.1,0.3 Dy + ([0.2,0.4], [0.1,0.3],[0.0,0.2 )z =
([09,0.1],[0.0,0.2],[0.1,0.3 1) ... (v)

Therefor general solution (choosing z as a free variable):

z=t=([t t], [ t], [t t]) (any value within [0, 1]. By substitute the value of z into equation (4), we find
that:

([0.6,0.8],[0.1,0.3],[0.0,0.2 )x + ([0.3,0.5], [0.2,0.4],[0.1,0.3 Dy =

([09,0.1],[0.0,0.2],[0.1,0.3 1) -([0.2,0.4],[0.1,0.3],[0.0,0.2 ([t t], [, ], [t, £])
Choose y = ([0,0], [0,0], [0,0]) we get:

_(109,0.1,[0.0,0.2],[0.1,0.3 1) — ([0.2,04],[0.1,0.3],[0.0,02 )([t, £], [t, £], [¢, £])
= (10.6,0.8],[0.1,0.3],[0.0,0.2 )

_([09,0.1],[0.0,0.2],[0.1,0.3 ]) — ([0.2¢,0.4¢],[0.1 + 0.9¢,0.3 + 0.7], [, 0.2 + 0.8¢ ])
- ([0.6,0.8],0.1,0.3],[0.0,0.2 1)

_([09,0.1],[0.0,0.2],[0.1,0.3 ) — ([0.2¢,0.4t],[0.1 + 0.9¢,0.3 + 0.7],[£,0.2 + 0.8 ])
- ([0.6,0.8],0.1,0.3],[0.0,0.2 )
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S ={(x,y,2) € RPu{l}:x
~([09,0.1],[0.0,0.2],[0.1,0.3 1) — ([0.2¢,0.4¢],[0.1 + 0.9¢,0.3 + 0.7], [t,0.2 + 0.8¢ ])
=t ([0.6,0.8],[0.1,0.3],[0.0,0.2 1) '
y = ([0,0],{0,0],[0,0]), z = ([t t], [t t], [t tD}

So the ternary (3 X 3) neutrosophic systemhas an infinite number of solutions

(one free variable).
Conclusion:

In conclusion, this study has successfully addressed the challenge of solving tri-component interval-
valued neutrosophic linear systems by developing a novel and generalized formulation of Cramer’s rule.
The proposed methodology framework extends the classical tenets of linear algebra into the domain of
neutrosophic logic, providing a robust analytical tool for handling the inherent uncertainty prevalent in
complex real-world data. The primary theoretical contribution of this work lies in the derivation of a
generalized matrix form and the subsequent axiomatic development of the solution method, which has
been rigorously validated through comprehensive numerical examples.

These examples not only demonstrate the method'’s efficacy in obtaining unique solutions but also its
capability to conclusively identify cases of no solution or infinitely many solutions within a
neutrosophic environment. The implications of this research are twofold: theoretically, it enriches the
field of neutrosophic algebra and opens new avenues for extending other classical solution theorems;
practically, it offers a powerful computational paradigm for experts and decision-makers in fields such
as engineering, economics, and artificial intelligence, where modeling under ambiguount. Despite its
promising results, this work presents several avenues for future research. Potential directions include
the exploration of algorithmic implementations for large-scale systems, integration with optimization
techniques, and application to real-case studies in predictive modeling and multi-criteria decision
analysis. Ultimately, this study establishes a foundational step towards more sophisticated and reliable
uncertainty-based modeling, underscoring the transformative potential of neutrosophic logic in
advancing computational intelligence.
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