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A Graphic Presentation of Some Bitopological Spaces 
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Abstract: 

Given a bitopological space ),,( 21 ttX , where both  ),( 1tX  

and ),( 2tX  belong to a certain class of topological spaces , we 

will show that there exist a graph ),,( 21 ssXG  which will give a 

graphic presentation of the bitopological space ),,( 21 ttX . 
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1. Preliminaries: 

1-1. Definition:  If  X  is a set, a map XXs :  is said to be an 

idempotent map if sss . 

1-2. Lemma:  If  XXs :  is any idempotent map, 

)()(: XPXPCs  defined by )()( AsAACs   for any )(APA Î , 

then sC   is a closure operation in the set X . 

Proof:  see [1]. 

1-3. Definition:   If X  is a non-empty set, XXs :  is an 

idempotent map. Let st  denotes the topology on X  such that: 

)(AsAA   for any XA Ì . We call st  the topology induced by 

the idempotent map s . 

1-4. Definition:   A space X  is said to be 
2

1T  space if and only if 

each one-point set is either  open or closed in X . 

The following theorem is 1.5.6 of [1]. 

1-5. Theorem:   If st  is the topology induced by an idempotent 

map XXs : , then the frontier of any one-point set is either 

empty or a one-point set. 
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1-6. Theorem:   If st  is the topology induced by an idempotent 

map XXs : , then ),( sX t  is a  
2

1T  space.  

Proof: 

Let Xx Î , since XXs :  is an idempotent map then 

either we have xxs )(  or yxyxs ¹,)( , and yys )( . 

If xxs )( , then xxsxx )( . So x  is a closed set. 

If  yxs )(  where yx ¹ , yys )( . Then 

xFrxyxxsxx  ,)( , and so by 1-5  yxFr . 

Since xyxxFrxx \\


, so x  is an open set. 

1-7. Definition:   A graph G  is a triple ),,( yEV , where V  is a non-

empty set called the set of vertices, E  is a set disjoint from V  

called the set of edges, and y  is a map from E  into VV ´  called 

the incident map. 

A graph ),,( yEVG  is said to be directed graph if each edge is 

associated with an ordered pair of VV ´ . 

 Now let ),,( yEVG  be a directed graph, VVVi ´:p  be the 

projection maps for 2,1i  , and let yp iid   for 2,1i . If we 

put EVX   and we let XXsi :  be the map defined by: 

           
î
í
ì

Î

Î

Exifxd

Vxifx
xs

i

i
)(

)(    

for 2,1i .  Then is  is an idempotent map for, and  
21,ss  satisfy 

the following composition property:     

11112 sssss       ,and 22221 sssss   

So following [4] we can formalize the following equivalent 

definition of a directed graph. 

1-8. Definition:   A directed graph G  is a triple ),,( 21 ssX , where 

X  is a non-empty set and 
21,ss  are two unary operations on X  

satisfying the following composition property  
11112 sssss 

, and 
22221 sssss   .  
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1-9. Definition:   If  X  is a set and  
21,tt  are two topologies on X

, then the triple  ),,( 21 ttX  is called a bitopological space. 

Notice that if ),,( 21 ttX  is a bitopological space, XA Ì  then A  

is said to be it -open if iA tÎ  for 2,1i . And we say that 

),,( 21 ttX  is a 
2

1T bitopological space if both ),(),,( 21 tt XX   are 

2
1T spaces. 

 

2. Graphic presentation: 

In [4] Waldemar Korczynski gave a topological 

presentation of a graph and in [1]  a topological presentation of a 

directed graph was given. In the following theorem, we will prove 

that the other way around works for a certain class of bitopological 

spaces. 

2-1. Theorem:   If ),,( 21 ttX  is a 
2

1T  bitopological space, xFr
it

 

is a one-element set or empty for all Xx Î  and all i , and x  is 
1t

-closed if and only if  x  is 
2t -closed for all Xx Î .Then there 

exist a graph ),,( 21 ssXG  presenting the bitopological space 

),,( 21 ttX . 

Proof:  

Let  XXsi :  defined by:    

                       
î
í
ì ¹

ftt

t

xFrorxxFrifx

xyyxFrify
xs

ii

i
i

,
)(  

Then is  is an idempotent map for all i  and 221112 , ssssss 

. For let Xx Î . 

Case (1)   If x  is closed. Then xFr
it

= x  or xFr
it

=f . So 

)())(())(( xsxssxss iiiii  . 

Also )()())(())(( 121212 xsxxsxssxss  , and

)()())(())(( 212121 xsxxsxssxss  . 

Case (2)   If x  is open. Then xFr
1t

= y , xy ¹ ,and 

xzzxFr ¹,
2t

. 
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If zy ,  are it -closed. Then since 

txFrxFrFrtFr
iiii

Ì tttt )]([ ,where yt  or z ; that is 

yyFr Ì
1t

, zzFr Ì
2t

. So yyFr
1t

 or ft yFr
1

, and 

zzFr
2t

 or ft zFr
2

. Hence )())(( xsxss iii   for 2,1i . 

Also )())(( 112 xsxss  , and )())(( 221 xszxss  . 

The case y  is 
1t -open or }{z  is 

2t -open is impossible. Because 

without loss of generality if y  is 
1t -open and since x  is 

1t -

open, then yyIntxFrInt
111

)( tttf  a contradiction. 

Therefore 
21,ss  satisfy the composition property: 

11112 sssss  ,  and   22221 sssss  And hence the triple 

),,( 21 ssX is a graphic presentation of the bitopological space

),,( 21 ttX . 

 

2-2 Example: 

Let ),,( 21 ttX  be the bitopological space where  X = {a , b , 

c , e1 , e2} and , 

1t  {f  , X , {b} , {e1} , {e2} , {b , e1},{b , e2}, {e1 , e2},{a , 

e1},{c , e2} , {a , b , e1}, {a , e1 , e2},{b , c , e2} , {b , e1 , e2} ,{c , 

e1 , e2} , {a , b , e1 , e2} , {a , c , e1 , e2} , {b , c , e1 , e2}},and 

2t   =   {f  , X ,{a} ,{e1} ,{e2} ,{a , e1} ,{a , e2},{e1 , e2} ,{b , 

e2},{c,e1} ,{a, e1, e2}, {b , e1 , e2} , {c , e1 , e2} , {a , b , e2} , {a , 

c , e1} , {a , b , e1 , e2} , {a , c , e1 , e2} , {b , c , e1 , e2}}. Then  

},{})({},{})({},{})({
111

ccFrbbFraaFr ttt },{})({ 11
aeFrt and 

}{})({ 21
ceFrt .   

Let 
1s :X→X  be the map defined by :

ï
î

ï
í

ì ¹¹

2

1

21

1 )(

exifc

exifa

exandexifx

xs  

And },{})({},{})({},{})({
222

ccFrbbFraaFr ttt

},{})({ 12
ceFrt  and }{})({ 22

beFrt .  
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Let 
2s  : X→X  be the map defined by : 

 
ï
î

ï
í

ì ¹¹

2

1

21

2 )(

exifb

exifc

exandexifx

xs  

 

Then figure 1.1 is the directed graph ),,( 21 ssX  which presents the 

bitopological space ),,( 21 ttX   

 
 

 

 

 

 

 

                                        Figure 1.1 
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 عرض بياني لبعض الفضاءات التبولوجية الثنائية

                                   

 

 
 *  3ةـــــى صولــــروك علــبـالم                                                           

 ** 4أسامة عبدالسلام الشفح                                                                

 

 : المستخلص

),,(ائي إذا أعطي أي فضاء توبولوجي ثن 21 ttX    حيث كل من),( 1tX  ،
),( 2tX في هذه الورقة سوفدد من الفضاءات التوبولوجيةينتمي إلى صنف مح . 

),,(نثبت بأنه يوجد بيان موجه  21 ssXG   يمثل عرض للفضاء التوبولوجي الثنائي
),,( 21 ttX.  

 
 ليبيا –ـ طرابلس  -جامعة طرابلس –قسم الرياضيات *  3
 ـ ليبيا-ـ الزاوية-جامعة الزاوية –الرياضيات  قسم**  4
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